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One-cohomology and the uniqueness of the group 
measure space decomposition of a Hi factor 

by Stefaan Vae ^ 1 ^ 2 ) 



Abstract 

We provide a unified and self-contained treatment of several of the recent uniqueness theorems 
for the group measure space decomposition of a Hi factor. We single out a large class of 
groups r, characterized by a one-cohomology property, and prove that for every free ergodic 
probability measure preserving action of T the associated Hi factor has a unique group measure 
space Cartan subalgebra up to unitary conjugacy. Our methods follow closely a recent article 
of Chifan-Peterson, but we replace the usage of Peterson's unbounded derivations by Thomas 
Sinclair's dilation into a malleable deformation by a one-parameter group of automorphisms. 

X> 

<D 

1 Introduction and main results 

A fundamental problem in the theory of von Neumann algebras is the classification of group measure 
'. space Hi factors L°°(A) x T in terms of the initial free ergodic probability measure preserving (pmp) 

| action T rx (X,fj>). This problem breaks up in two very different parts. Given an isomorphism 

L°°(A) x T = L°°(Y~) xi A one first studies whether L°°(A) and L°°(Y) are unitarily conjugate. If so 
this implies that the orbit equivalence relations 1Z(T rx X) and 1Z(A rx Y) are isomorphic, leading 
to the second problem of classifying group actions up to orbit equivalence. This paper deals with 
the first of these two problems: the uniqueness up to unitary conjugacy of the Cartan subalgebra 
L°°(A) C L°°(A) x T. 

A Cartan subalgebra A of a Hi factor M is a maximal abelian von Neumann subalgebra for which 
the group of unitaries normalizing A, i.e. {u G U(M) \ uAu* = A}, generates the whole of M. If 
r rx (X,fj,) is a free ergodic pmp action, then L°°(A) C L°°(X) x T is a Cartan subalgebra. Not 
I/-) 1 all Cartan subalgebras in a Hi factor can be realized in this way. If they can, we call them group 

. measure space Cartan subalgebras. 

By [CFW81J the hyperfmite Hi factor R has a unique Cartan subalgebra up to conjugacy by an 
automorphism of R. Until recently no other uniqueness theorems for Cartan subalgebras were 
known. A first breakthrough was realized by Ozawa and Popa in |OP07j who proved that the Hi 
factors M = L°°(A) x T coming from profinite free ergodic pmp actions of a direct product of 
free groups T = ¥ ni x • • • x F nfc , have a unique Cartan subalgebra up to unitary conjugacy. In a 
second article [OP08] Ozawa and Popa establish the same result for all profinite actions of groups T 
satisfying the complete metric approximation property and a strong form of the Haagerup property. 
This includes lattices in direct products of SO(n, 1) and SU(n, 1). Peterson then showed in [Pe09j 
that M = L°°(A) x T has a unique group measure space Cartan subalgebra whenever T rx (X,[i) 
is a profinite action of a free product Ti * T2 where Ti does not have the Haagerup property and 
where T2 / {e}. 

In the joint article [PV09 j with Sorin Popa, we introduced a family of amalgamated free product 
groups T = Ti *s ^2 such that for every free ergodic pmp action T rx (X,fi), the Hi factor 
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M := L°°(X) x T has a unique group measure space Cartan subalgebra up to unitary conjugacy. 
The family of groups covered by [PV09] consists of the amalgamated free products r = Tj *xT2 such 
that £ is amenable and weakly malnormal^l in F and such that V either admits a nonamenable 
subgroup with the relative property (T) or admits two commuting nonamenable subgroups. In 
particular the result holds for all free products T± * r 2 where T\ is an infinite property (T) group 
and T 2 / {e}. 

Combining the uniqueness of the group measure space Cartan subalgebra with existing orbit equiv- 
alence superrigidity results from [Po051 [Ki09], we proved in |PV09| several W*-superrigidity theo- 
rems: a free ergodic pmp action T rx (X, //) is called W*-superrigid if the Hi factor M = L°°(X) x T 
entirely remembers the group action. This means that whenever M = L°°(y) x A, the groups T 
and A are isomorphic and their actions are conjugate. 

In [FV10| we proved a similar unique group measure space decomposition theorem for all free 
ergodic pmp actions of certain HNN extensions T = HNN(iJ, £, where £ is amenable and T 
satisfies a rigidity assumption as above. In [HPV10| we realized that also certain amalgamated free 
products r = Ti *£ T2 over nonamenable groups £ could be covered by the methods of [PV09J. 
Combined with a theorem of Kida [Ki09j we deduced in [HPV10] that every free ergodic pmp action 
of the group T = SL(3,Z) *g SL(3,Z) is W*-superrigid, when £ < SL(3, Z) denotes the subgroup 
of matrices g with 531 = 532 = 0. 

In the very recent article fCPlOj , Chifan and Peterson proposed a more conceptual framework to 
prove the uniqueness of the group measure space decomposition. Their theorem covers all groups T 
that admit a nonamenable subgroup with the relative property (T) and that admit an unbounded 
1-cocycle into a mixing orthogonal representation. The latter means that there exists an orthogonal 
representation it : V — > O(H^) and an unbounded map b : T — > satisfying b(gh) = b(g)+7r(g)b(h) 
for all g,h 6 T, such that for all £, rj G we have (vr(g)^, i]) — > as g — > 00. Typical examples 
arise as free products r = Ti * T2 containing a nonamenable subgroup with the relative property 
(T). But Chifan and Peterson cover as well direct products r x V' of such groups. This fits perfectly 
with Monod-Shalom's orbit equivalence rigidity theorems for direct product groups (see |MS02j ) 
and leads to new W* strong rigidity results. 

Amalgamated free products and HNN extensions also admit unbounded 1-cocycles into orthogonal 
representations it through the action on their Bass-Serre tree, but these representations n are only 
mixing relative to the amalgam S. In this paper we generalize Chifan-Peterson's result to groups 
that admit an unbounded 1-cocycle into an orthogonal representation that is mixing relative to 
a family of amenable subgroups. As such we obtain a unified treatment for all the uniqueness 
theorems of the group measure space decomposition in [PV091 IFV1CH IHPV10[ ICP10] . 

Although our methods are very close to those in [CP10J, we do not use Peterson's technique of 
unbounded derivations ( [Pe06] and |OP081 Section 4]), but rather their dilation into a malleable 
deformation in the sense of Popa, as proposed by Thomas Sinclair [SilOj . In this way our approach 
becomes more elementary and we can more directly apply the methods from Popa's deforma- 
tion/rigidity theory (see [Po06a[ IValO for an overview). 

Statements of the main results 

We say that a countable group S is anti-(T) if there exists a chain of subgroups {e} = So < ^i < 
• • • < S n = S such that for all i = 1, ... ,n the subgroup is normal in Sj and the quotient 

' 3 'By definition we call E < V weakly malnormal if there exist gi, . . . , g n G V such that f]2 =1 gk^g^ 1 is finite. 
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Ej/Sj-i has the Haagerup property. 

We say that an orthogonal representation ir : T — > O(H^) is mixing relative to a family 5 of 
subgroups of r if the following holds: for all £, ij G Hj& and e > there exist a finite number of 
<7i, hi G T and £j G 5 such that |(7r(g)£, 77) | < e for all g G T — UILi di^i^i- 

Definition 1.1. We consider three classes of countable groups T that admit an unbounded 1- 
cocycle b : T — > fljg into an orthogonal representation ir : T — > O(H^) that is mixing relative to a 
family S of subgroups of T, with b being bounded on every £ G S. These three classes correspond 
to imposing a rigidity on T versus a softness on the groups in S. 

Class C. r has a nonamenable subgroup with the relative property (T) and the groups in S are 
amenable. 

Class T>. r has an infinite subgroup with the plain property (T) and the groups in S are anti-(T). 

Class £. r has two commuting nonamenable subgroups, the groups in S are amenable and ir is 
weakly contained in the regular representation. 

We also consider the classes C2, respectively T>2, consisting of direct products Ti x T2 where both 
Ti G C, respectively both Tj G V. The groups Tj come with a family Si of subgroups and we 
consider the family S of subgroups of T of the form £1 x £2, £?, G Si. 

The following is our main theorem. Given a group T in any of the classes introduced above, we 
'locate' any possible group measure space Cartan subalgebra B of any crossed product A x Y and 
prove that it must have an intertwining bimodule into 4xE for some £ G S. We refer to Theorem 
12. II below for the definition of Popa's intertwining bimodules and the corresponding notation -<. If 
the groups £ G S are moreover finite or sufficiently nonnormal, it follows that L°°(X) x T has a 
unique group measure space Cartan subalgebra up to unitary conjugacy for all free ergodic pmp 
actions T r\ (X,fi), see Theorem 11.31 If moreover T r\ (X,fi) is orbit equivalence superrigid, 
the action T rx (X,/j.) follows W*-superrigid in the sense that the Hi factor L OD (X) x V entirely 
remembers the group action that it was constructed from. 

Theorem 1.2. Let T be a group in C U T> U £ U C2 U T>2 together with its family S of subgroups as 
in Definition \l.l[ 

Let M be a II\ factor of the form M = A x T where A is of type I. Let p G M be a projection and 
assume that pMp = B x A is another crossed product decomposition with B being of type I. Then 
there exists £ G S such that B -< A x £. 

Theorem 11.21 is sufficiently general to cover all the uniqueness theorems of group measure space 
Cartan subalgebras from [PV091 lFV10[ IHPVIOI ICP10J . The precise formulation goes as follows. 

We say that £ C T is a weakly malnormal subgroup if there exist g% , . . . , g n G T such that 
f]fc=i 9k^Sk 1 i s finite. We say that £ C T is relatively malnormal if there exists a subgroup 
A < r of infinite index such that gT,g~ l n £ is finite for all g G T — A. 

We consider amalgamated free products T\ T2 and call them nontrivial when Ti 7^ £ 7^ T2- 
We also consider HNN extensions HNN(if, £,0) w.r.t. a subgroup £ < H and an injective group 
homomorphism 6 : £ — > H, generated by a copy of H and an extra generator t satisfying tat^ 1 = 
6(a) for all a G £. 

Theorem 1.3. For all of the following groups V and arbitrary free ergodic pmp actions T rx (X, /i), 
the Hi factor M = L°°(X) x T has a unique group measure space Cartan subalgebra up to unitary 
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conjugacy. More generally, if p(M n (C) ® M)p = L°°(Y) xi A is an arbitrary group measure space 
decomposition, there exists u £ M n (C) ® M suc/i i/iai p = n*n, sitc/i that q := uu* belongs to 
D„(C) ® L°°(X) and such that uL°°(Y)u* = (D n (C) L°°(X))g. #ere D„(C) C M n (C) denotes 
i/ie subalgebra of diagonal matrices. 

1. Any of the groups V 6 CuDU£uC2UD2 swc/i i/iai the family S consists of relatively malnormal 
subgroups ofT. 

2. ]CP1(K Corollary 5.3]. Any of the groups reCU2?U£uC2U'D2 such that the family S is 
reduced to {{e}}, i.e. the case where the orthogonal representations are mixing. 

3. IPV09[ Theorem 5.2]. V is a nontrivial amalgamated free product T\*j]T2 where £ is amenable 
and weakly malnormal in T and where T admits a nonamenable subgroup with the relative 
property (T) or admits two commuting nonamenable subgroups. 

4- IHPV10[ Theorem 5]. T is a nontrivial amalgamated free product Ti*y:^2 where £ is anti-(T) 
and weakly malnormal in T and where V admits an infinite subgroup with property (T). 

5. JFV10[ Theorem 4-1]- T is an HNN extension HNN(i7, £,#) such that £ is amenable and 
weakly malnormal in V and such that V admits a nonamenable subgroup with the relative 
property (T) or admits two commuting nonamenable subgroups. 

Ideally Theorem 11.31 could hold for all groups V in C U T> U £ U C% U T>2 for which S consists of weakly 
malnormal subgroups of T, but we were unable to prove such a statement. 

As in [OP071 Corollary 4.4] and [PV091 Theorem 1.4] we also get plenty of Hi factors that have no 
group measure space Cartan subalgebra. 

Theorem 1.4. Let T be any of the groups in Theorem \1.3\ and assume moreover that T has infinite 
conjugacy classes (ice). LetT r\ (X,fj.) be an ergodic pmp action that is not essentially free. Denote 
M = h°°(X) xi r and observe that M is a II\ factor. This includes the case where X is one point 
and M = LT. The Ih factors M t ,t>0, have no group measure space decomposition. 

In [KilO] Kida proves measure equivalence rigidity theorems for amalgamated free product groups 
r. Such results are complementary to uniqueness theorems for the group measure space Cartan 
subalgebra since the latter reduce a W*-equivalence to an orbit equivalence to which the measure 
equivalence rigidity theorems can be applied. It is therefore interesting to notice that Kida does 
not use the 1-cocycle that goes with the action of T on the Bass-Serre tree T, but rather the very 
much related map that associates to three distinct points of x,y,z £ &T the unique vertex of the 
tree where the three geodesies xy, yz and zx meet. 

We have made the choice to write an essentially self-contained article with rather elementary proofs. 
This means that we provide detailed arguments for a number of lemmas that are well known to 
some experts. It also gives us the occasion to reprove a number of results, e.g. Peterson's theorem 
on the solidity of certain group von Neumann algebras, see Theorem 13.61 

Structure of the proofs 

Let M be a Hi factor of the form M = L°°(A") x T, where T is a countable group and b : T — > 
is an unbounded 1-cocycle into an orthogonal representation ir : V — > O(H^). We assume that ir is 
mixing relative to a family S of subgroups of T and that b is bounded on every E G S. Following 
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[BO08, Definition 15.1.1] we call a subset Jc T small relative to S when T can be written as a 
finite union of subsets of the form gX/i, g, h G T, E G S. 

Associated with (6, 7r) is the conditionally negative type function ip(g) = \\b(g)\\ 2 and the semigroup 
group (<pt)t>o of completely positive maps 

ip t : M ->■ M : <pt(au g ) = exp(-tip(g)) au g for all a G L°°(X),g G T . 

Assume that M = L°°(Y) x A is another group measure space decomposition. Also assume that 
r satisfies a rigidity assumption, like the presence of a nonamenable subgroup with the (relative) 
property (T) or the presence of two commuting nonamenable subgroups. 

• It is of course impossible to prove that A automatically inherits similar rigidity properties as T 
has. Nevertheless the transfer of rigidity principle from [PV09] allows to prove that there exists a 
sequence of group elements s n £ A such that ift — > id in || • ||2-norm uniformly on {v Sn \ n G N}. 
Also the sequence can be taken 'large enough' in the sense that v Sn asymptotically leaves all 
the subspaces spanned by {au^ \ a G L°°(A),A; G J 7 } for any fixed subset JcT that is small 
relative to S. These matters are dealt with in Proposition 15. II and Lemma 16.21 The 'larger' the 
subgroups in S are allowed to be, the stricter the rigidity assumption on T must be. 

• The unitaries v Sn normalize the abelian von Neumann subalgebra L°°(y) and the deformation 
(ft converges to the identity uniformly on the (v Sn ) ne ?q. In Theorem 14.11 we prove that then ipt 
must converge to the identity uniformly on the unit ball of L°°(y). The roots of this result lie 
in |Pe091 Theorem 4.1]. Our theorem and its proof are almost identical to [CPl0 5 Theorem 3.2], 
but we manage to treat as well the case of nonmixing representations. 

It is illustrative to compare Theorem 14.11 and its proof to the following group theoretic result 
inspired by |CTV0 6j . Let 6 : T — > be a 1-cocycle into an orthogonal representation it : 
T — > O(H^) that is mixing relative to a family S of subgroups of T. Assume that b is bounded 
on every subgroup E G S. We say that a sequence (g n ) tends to infinity relative to S if (g n ) 
eventually leaves every subset of T that is small relative to S. Whenever H < V is an abelian 
subgroup that is normalized by a sequence (g n ) tending to infinity relative to S and on which 
b is bounded, then the 1-cocycle b is bounded on H. The proof consists of two cases. Put 

K = su Pn \\b{gn)\\ < OO. 

Case 1. There is no h G H such that the sequence g-nhg^ 1 tends to infinity relative to S. 
We show that < 2k for all h G H. To prove this statement, fix h G H. Since gnhg^ 1 

does not tend to infinity relative to 5, we can pass to a subsequence and find 7,7' G T and 
S G S such that gnhg^ 1 £ 7^7' for all n. Since b is bounded on X, there exists a vector 
£ G H]r such that b(a) = ir(cr)^ — £ for all a G E. We then find £1,^2 £ -Hr such that 
b(g) = vr(^)^i + £2 for all g G 7X7'. In particular b{g n hg~ l ) = Tr(g n hg~ 1 )^i + £2 for all n. Since 
Kgnhg^ 1 ) = b{g n ) + ir(g n )b(h) - ■K{g n hg~ 1 )b{g n ) we conclude that 

\\b{h)f = {ir(g n )b(h),ir(g n )b(h)) = {ir(g n )b(h), b^hg- 1 ) - b(g n ) + ^(^n^ 1 )^)) 

< 2 K \\b(h)\\ + \^(g n )b{h)^(g n hg- l )i l +6)1 

< 2K\\b{h)\\ + MgnMh)*b(h),^}\ + 1(^)6(^,6)1 -> 2K\\b(h)\\ 

because (g n ) tends to infinity relative to S and tt is mixing relative to S. We have shown that 
\\b(h)\\ < 2k for all h G H . 
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Case 2. There exists ho G H such that the sequence h n := g n hog n tends to infinity relative to 
S. Put m = 2k + HKMII- Note that I WO II < «i for all ra. We show that \\b(h)\\ < 2«i for all 
h £ H. To prove this statement, fix h £ H. Since -ff is abelian, we have /i = h n hh~ l and hence 

||6(/i)|| 2 = (b(h n hh^),b(h)) = (b(h n ) + ir(h n )b(h) - 7r(/i n /i/i~ 1 )6(/i n ), 6(/i)) 
< 2^116(^)11 + |(7r(/ ln )6(^) J 6(fc))| -> 2«i||6(fc)|| . 

We have shown that ||&(/i)|| < 2ki for all h G H. 

• From the previous step we know that ipt — > id in || • ||2-norm uniformly on the unit ball of 
L°°(Y). We argue by contradiction that there exists a £ G S such that L°°(y) -< L°°(X) x S. 
If the statement is false Lemma 12.41 provides a sequence of unitaries b n G L°°(Y) such that b n 
asymptotically leaves all the subspaces spanned by {auk \ a G L°°(X),k G J 7 } for any fixed 
subset JcT that is small relative to S. 

By [CP101 Theorem 2.5] -for which we provide a self-contained proof as Theorem 13.101 below- 
it follows that <ft — > id in || • ||2-norm uniformly on the unit ball of the normalizer of L°°(Y), 
i.e. on the unit ball of the whole of M. This is absurd because the 1-cocycle b was assumed to 
be unbounded. 

Also Theorem 13.101 and its proof can be illustrated by a well known group theoretic fact. Let 
b : r — > be a 1-cocycle into an orthogonal representation 7r : Y — > O(H^) that is mixing 
relative to a family S of subgroups of V. Assume that H < V is a subgroup of V on which the 
cocycle is bounded. Denote by Nr(H) the normalizer of H inside T. If H contains a sequence 
(h n ) tending to infinity relative to S (meaning that (h n ) eventually leaves every subset of T that 
is small relative to S), then b is bounded on Mr(H). The proof of this fact goes as follows. 

Put k = sup heH \\b(h)\\ < oo. We show that ||&(g)|| < 2k for all g G Afr(H). To prove this 
statement fix g G Mr(H). Write k n := g~ 1 h~ 1 g and note that h n G H. By construction 
g = h n gk n . Therefore 

\\b(g)\\ 2 = (b(jg),b(g)) = (b(h n gk n ),b(g)) = (KK) + *(h n )b(g) + 7r(h n g)b{k n ), b(g)) 
< 2K\\b(g)\\ + \(7T(h n )b(g),b(g)}\ -> 2 K \\b(g)\\ . 

It follows that ||%)|| < 2k for all g G N r {H). 

• Once we know that L°°(Y) -< L°°(X) x £ for some S G S, the unitary conjugacy of L°°(X) and 
L°°(X) follows from a combination of the regularity of L°°(Y) C M and a weak malnormality 
of S in r, see Lemma 16.31 and |HPV10} Proposition 8]. 
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2 Popa's intertwining-by-bimodules 

We first recall Popa's intertwining-by-bimodules theorem. 
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Theorem 2.1 ([Po03j Theorem 2.1 and Corollary 2.3]). Let (M, r) be a von Neumann algebra with 
a faithful normal tracial state r. Assume that p G M is a projection and that P C M and B C pMp 
are von Neumann subalgebras with B being generated by a group of unitaries Q C U(B). Then the 
following two statements are equivalent. 

• There exists a nonzero partial isometry v G Mi in (C)<S>pM and a, possibly non-unital, normal 
*-homomorphism 9 : B — )• M n (C) <S> P such that bv = v9(b) for all b G B. 

• There is no sequence of unitaries (b n ) in Q satisfying \\Ep{xb n y)\\2 — > for all x,y G M. 
We write B -< P if these equivalent conditions hold. 

Note that when the von Neumann algebra M is non separable, sequences have to be replaced by 
nets in the formulation of Theorem 12.11 

Throughout this section we fix a trace preserving action T rx (N, r) and denote M = N x T. We 
assume that S is a family of subgroups of T. Following [BO08 ; Definition 15.1.1] we say that a 
subset T C r is small relative to S if T can be written as a finite union of subsets of the form gT,h, 
g,h G r, E G S. Whenever T C T we denote by Pjr the orthogonal projection of L 2 (M) onto the 
closed linear span of {au g \ a G N, g G J 7 }. 

Definition 2.2. Whenever V C M is a norm bounded subset, we write V C ap prox N XI S if for 
every e > there exists a subset JcT that is small relative to S such that 

\\b - PAb)h = \\Pr-Ab)h < £ for all 6 G V . 
Lemma 2.3. Let V C M be cl TiovTfi bounded subset satisfying V CZapprox 

N x S. Then for all 

x,y G M we have xVy C apP rox N x S. 

If (vi) is a bounded net in M satisfying \\Pj^(vi)\\2 — > for every subset JcT that is small relative 
to S, then \\Pj^(xviy)\\2 — > for every x,y G M and every subset T C T that is small relative to S. 

Proof. To prove the first statement, by symmetry it suffices to show that xV C a pprox N x S. We 
may assume that x G (M)i and V C (M)j. Choose e > 0. Take a finite subset JqCT and elements 
( a >g)geJ 7 a °f ^ such that Xo := 5^ se jr ^"Ug satisfies \\x — scolb < e/2. Put k = max{||a s || | <7 G J-"o}. 
Take a subset J 7 C T that is small relative to S and such that ||Pr-J r (^)||2 < e/(2|-7 r o| K ) f° r 
all 6 G V. Define the subset T\ := J-qT and note that T\ is small relative to S. We claim 
that llPp-J 7 ! (^)||2 < ^ for all 6 G V. To prove this claim, fix b G V. Since ||6|| < 1, we have 
— X06H2 < — a^o II 2 < e/2- So it suffices to prove that ||-Pr— ^1 (^o&) II2 < e/2. But, 

so that 

\\Pr-M^b)h < E H a 5ll ll^r-^K^Ib H p r^(6)|| 2 < \ ■ 

geTo geTo 

This proves the claim and hence also the first statement in the lemma. 

To prove the second statement, we can approximate x and y by linear combinations of au g , a G N, 
g G r. Using the Kaplansky density theorem we may assume that x = u g and y = Uh- But then 
Pjr{u g ViUh) = P g -ijr h -i(vi) and we are done. □ 
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The following lemma is essentially contained in [Po03j and |Va07l Remark 3.3]. To keep this paper 
self-contained we provide a short proof. The only reason that nets appear, is because we do not 
want to make the restriction that the family S is countable. 

Lemma 2.4. Let p G M be a projection and B C pMp a von Neumann subalgebra generated by a 
group of unitaries Q C IA{B). Then the following two statements are equivalent. 

• For every E G S we have B -fc N x E. 

• There exists a net of unitaries (wi) in Q such that \\Pj^(wi)\\2 —> for every subset J C T 
that is small relative to S. 

Proof. If E G S and B -< N x E, Theorem 12.11 yields a nonzero partial isometry v G Mi jn (C) <S>pM 
and a normal *-homomorphism 9 : B — > M n (C) <8> (iV x E) such that bv = v9(b) for all b £ B. If 
(ifj) would be a net as in the second statement, Lemma [2731 implies that ||(1 ® P^)(v*Wiv)\\2 — > 
for every subset JcT that is small relative to S. This holds in particular for T = E so that 

IKid^iVMsX^lh = \\9( Wi ) (id®E N ^)(v*v)\\ 2 = \\(id®E N ^)(v* Wl v)\\2 . 

We arrive at the contradiction that t> = 0. 

Conversely assume that for every E £ 5 we have B -/{ N xi E. Let J 7 C T be a subset that is small 
relative to S and let e > 0. We have to prove the existence oiw £ G such that ||Pjr(u;)||2 < e. Write 
=i5fcEfc/ifc with E fc G 5 and gk,h k G T. Consider in M n (C) <8) M the diagonal subalgebra 
P := x Efc. Since for every A; = 1, . . . , n we have B/JVx the first criterion of Theorem 

12. II implies that B/F. Then the second criterion in Theorem 12.11 provides a sequence of unitaries 
Wi G G such that 

\\ENx£ k (xwiy)\\2 -> for all x, y G M, k = 1, . . . , n . 

Applying this to x = u* k and y = u* hk , this means that \\P gk T, k h k {wi)\\2 — > 0. Hence ||P.F(wi)||2 — > 
and it suffices to take w = Wi for i sufficiently large. □ 

The following lemma clarifies the relation between the approximate containment C ap prox and the 
intertwining relation -<. 

Lemma 2.5. Let p G M be a projection and B C pMp a von Neumann subalgebra. The following 
two statements are equivalent. 

1. There exists a E G S such that B^JVxS, 

2. There exists a nonzero projection q G B' CipMp such that {Bq)\ C a pp r0 x N x S. 
Also the following two statements are equivalent. 

a. For every nonzero projection q G B' DpMp there exists a E G S such that Bq -< N x E. 

b. We have (B)i C apP rox N x S. 
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Proof. [T]=^[21 Take Sg5 such that B -< JV x E. Theorem 12.11 provides a nonzero partial isometry 
v G M lin (C)®pM such that g := vv* belongs to B'DpMp and satisfies Bq C v(M n (C)(g>(iV x E))u*. 
It follows from Lemma 12,31 that {Bq)\ C apP rox N X S. 

— i [T] =>- — i [21 We assume that for all E € 5 we have B -/{ N x E. Then Lemma 12.41 provides a net of 
unitaries (wi) in U(B) such that ||-Pj-(/u>i)||2 — > for every subset T CT that is small relative to S. 
Take a nonzero projection q G £?' DpMp. We conclude from Lemma 12.31 that ||Pj-(u;j<7)||2 — >■ for 
every subset JcT that is small relative to S. Since u^g G (Bq)i and ||iOi<7||2 = IMh > for all i, 
we see that (Bq)i is not approximately contained in N x S. 

[a] =>• [bj By the assumption in statement [a] and using the already proven implication Q] =>• [21 we can 
take an orthogonal family of projections q$ G B'dpMp such that ^ Qi = P and {Bqi)\ C apP rox NxiS 
for all i. It follows that (B)i C apP rox N x 5. 

[b] =>- [aj Assume that (B)x C appr0 x N x 5 and let q £ B' n pMp be a nonzero projection. We 
conclude from Lemma [2T3l that {Bq)\ C approx N Y\S. The already proven implication [2] G] implies 
that there exists a E G 5 such that Bq -< N x E. □ 

Whenever p G M is a projection and i? C pMp is a von Neumann subalgebra we find as follows a 
unique projection q G B 1 HpMp such that (Bq)% C approx N x S and such that B(p — q) -fi N x E 
for all E G S. 

Proposition 2.6. Ze£ p £ M be a projection and B C pMp a von Neumann subalgebra generated 
by a group of unitaries Q C U{B). Denote by Q the normalizer of B inside pMp. The set of 
projections 

:= {^o | Qo ^ a projection in B' CipMp and (Bqo)\ C appr0 x N x S} 

attains its maximum in a unique projection q G V . This projection q belongs to Z(Q). 

Moreover there exists a net of unitaries (wi) in Q such that \\Pj^(u)i(p — q))\\2 — > for every subset 
T C T that is small relative to S. 



Proof. Let q^ G B' DpMp be a maximal orthonormal sequence of nonzero projections in V. Define 
q = J2k Ik- It is easy to prove that q G V. We prove that q is the maximum of V. Assume that 
q' G V and that q' j£ q. It follows that T := (p — q)q'{p — q) is a nonzero operator in B' n pMp. 
Take S G B' CipMp such that TS is a nonzero spectral projection q" of T. Note that the projection 
q" is orthogonal to q and that the formula 

(B) iq " = (p-q) (B)iq' (p-q)S, 

together with Lemma 12.31 implies that {Bq")\ C appr0 x N x S. This contradicts the maximality of 
the sequence (qk)- So, V attains its maximum in q G V . 

If u G NpMp(B), the fact that {B)\q C a PP rox N x S and Lemma [231 imply that u(B)iqu* C approx 
N xi S. But u{B)\qu* = {B)\uqu* and it follows that uqu* < q. Hence, q commutes with Q. In 
particular, q commutes with B so that q G Q. Hence, q G 2(Q). 

By Lemma 12.41 it remains to prove that for all E G S we have B(p — q) -A N x E. If the contrary 
would be true, the implication Q] => [2] in Lemma 12.51 provides a nonzero projection G B' DpMp 
such that q' < p — q and such that (Bq')i C apP rox N x S. This contradicts the maximality of q. □ 
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Lemma 2.7. Assume that Si and S2 are two families of subgroups of T. Define the family S 
consisting of the subgroups Si n gT,29 > Sj G Si, g G T. Ze£ 5 C pMp 6e a won Neumann 
subalgebra. If (B) 1 C apP rox N x Si for i = 1, 2, i/iera (P)i C a p pr ox iV x <S. 

Proof. It suffices to make the following observation: if .Fj C T are small relative to Si for i = 1,2, 
then J 7 ! n 7^ is small relative to S and Pj^nJ^ = Pfi PtV '-' 

3 Malleable deformations coming from group 1-cocycles 

3.1 Malleable deformation by a one-parameter group of automorphisms 

Throughout this section tt : T — > O(H^) is an orthogonal representation of a countable group T 
and b : T — > J3r is a 1-cocycle, i.e. a map satisfying 

b(gh) = b{g) + n(g)b(h) for all g,heT . 

The function T — >• C : g 1— )■ ||6(<7) || 2 is conditionally of negative type. Whenever T rx (JV,r) is a 
trace preserving action and M = N x T, we get a semigroup (ipt)t>o of unital tracial completely 
positive maps 

<p t : M-> M : (p t (au g ) = exp(-t\\b(g)\\ 2 ) au g for all aeJV^ET. 

Following |Si 10|. beginning of Section 3] we construct a malleable deformation of M in the sense of 
Popa (see [Po06a, Section 6]), i.e. a canonical larger finite von Neumann algebra M C M together 
with a 1-parameter group of automorphisms (at)t&R of M such that ^Pt 2 ( x ) = EM{oit{x)) for all 
x G M and i G E. 

Denote by T (Z,rj) the Gaussian action associated with 7r. Put L> = L°°(Z) and denote by r the 
trace on D given by integration with respect to 77. Denote by (<r 9 ) 9G r the Gaussian action viewed 
as an action by trace preserving automorphisms of D. For our purposes it is most convenient to 
consider (D, r) as the unique pair of a von Neumann algebra D with a faithful tracial state r such 
that D is generated by unitary elements G Hr, satisfying 

• w(0) = 1, + 6) = for all G ff R and = for all £ G flk, 

• t(u(0) = exp(-||e|| 2 ) for all £ G Ar. 

Moreover, cr g (w(£)) = w(7r(<7)£). Note that the linear span of all £ G #r, is a dense *- 

subalgebra of D. 

Define M = (D (g) iV) xi T where r rx D iV is the diagonal action. The formula 

at(x) = x for all x G D ® JV and at(u g ) = (oj(tb(g)) (g) l)u 9 for all 5 G T 
provides the required 1-parameter group of automorphisms. 

We finally prove that the deformation (at)teu is s-malleable in the sense of [Po06a[ Section 6]. The 
formula = u)(— £) = for all £ G £/r, defines a trace preserving automorphism of D. 

This automorphism extends to an automorphism P of M satisfying /3(x) = x for all x G M. One 
easily checks that /3 satisfies the s-malleability conditions : /3 2 = id and /3 o at = ol-% o /3 for all 
t G R. 
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3.2 Two easy inequalities 

We start by proving a version of the 'transversality inequality' from |Po06cl Lemma 2.1]. 

Lemma 3.1. Denote for x G M , 5t{x) = at(x) — Em{oli{x)). Then, 

¥t{x)h < Ik " at(x)|| 2 < V2\\S t (x)\\ 2 for all x e M , i G R . 

So, studying convergence of at —> id is equivalent to studying convergence of bt — > 0. 
Also, if x G M and \t\ decreases, the expressions \\5t(x)\\2 and \\x — at(x)\\2 decrease. 

Proof. Define f t (g) = exp(-t 2 ||6( 5 )|| 2 ) and note that < f t {g) < 1 for all g G T and t G R. Take 
x G M and write x = S 5g r ^s^g with x 9 G N. It is easy to check that 



Mx)\\ 2 2 = ^-ft(9) 2 )\\x 9 \\ 2 2 and ||x - a t (x)f 2 = 2 £(1 - f t (g))\\ 



g\\2 



Using the inequalities 1 - ft(g) 2 < 2(1 - ft(g)) < 2(1 - ft(g) 2 ), the lemma follows. □ 
Lemma 3.2. For all x,y G (M)i and a// 1, e > 0, there exists s > suc/i i/iai 
||^Af(xa t (o)y)||a < \\E M (a s {a))\\ 2 + e for all a G (M) x . 

Proof. Fix G (M)i and fix i,e > 0. By the Kaplansky density theorem choose x%, . . . ,x n , 
Ui, ■ ■ ■ , Dm G M and £ 1; . . . , £ n , 771, . . . , r/ m G -Hr such that the elements 

n m 

x := ^Xiw(^) and y :=^^(«j)%- 
i=i j=i 

satisfy ||x ||, ||yo|| < 1 and \\x - x \\ 2 < e/4, ||y - 2/0 1| 2 < e/4. 

Define k\ = max{||:Ej|| | i = 1, ...,n} and K2 = max{||?/j|| | j = l,...,m}. Also put 71 = 
max{||^j|| I i = 1, ...,n} and 72 = max{||/7j|| | j = 1, . . . , m}. Choose p > large enough such that 
exp(— p 2 ) < ej(AnK\mK 2 ). Then put k = (p + 71 + 72)/*- Finally take s > small enough such 
that exp(— 2s 2 k 2 ) > 1 — (e/4) 2 . We claim that this s satisfies the conclusions of the lemma. 

To prove the claim define J- := {g G T | 116(5)11 < k}. Whenever g G T — T , we have ||i6(<7)|| > 
P + 7i + 72 and hence + i6(g) + Tr(g)r]j \\ > p so that 

exp(-||& + 7r (5'H'l| 2 ) < exp(-p 2 ) < for all i = 1, . . . ,n , j = 1, . . . , m . 

4nKimK2 

For any subset Q C T we denote by Pg the orthogonal projection of L 2 (M) onto the closed linear 
span of {au g \ a G N, g G Q}. We decompose every a G M in its Fourier expansion a = ^ 9 <=r a s' u s 
with a g G iV. Noticing that for all a G M we have 



^AfM^a^r-jK^M??.?)) = ^ exp(-||& + tb(g) + ^(5)^ 

gev-r 

it follows that for all a G (M)i we have 

||£ M (w(£i)at(iW(a)M»7i))||2 < 



3 "9 > 



AnK\mK 2 
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Multiplying with X{ on the left and with yj on the right and summing over i and j, we conclude 
that 

\\EM(x a t (Pr-A a ))Vo)h < ^ 
for all a G (M)i. Since ||xo||, ||yo|| < 1, it follows that for all a G (M)i we have 

\\E M {x a t {a)y )\\ 2 < \\Pjr(a)\\ 2 + | . 

Whenever g € J 7 we have ||&(<7)|| < k and therefore exp(— 2||s6(g)|| 2 ) > 1 — (e/4) 2 . So, for all 
a G (M)i we get 

ii^wiiI = E KiiS < E( ex p(- 2 ii s6 ^)ii 2 ) + ^) Kin 

= \\E M (a s (a))\\l + IM| 2 ) 2 < (||i?M(« s (a))|| 2 + £)' . 

Altogether it follows that 

\\E M (xoat(a)y )\\ 2 < \\E M (a s (a))\\ 2 + | 
for all a G (M)i. Our choice of xq and yo then imply the claim. □ 

3.3 The maximal projection under which the malleable deformation is uniform 

Lemma 3.3. Let p £ M be a projection and B C pMp a von Neumann subalgebra. Define 
Q C pMp as the normalizer of B inside pMp. The set of projections 

'■= {Qo I Qo i- s a projection in B' CipMp and at — > id in \\ • \\2-n0rm uniformly on (Bqo)i} 

attains its maximum in a unique projection q G V. This projection q belongs to Z{Q). 

Proof. Let qu € B' n pMp be a maximal orthogonal sequence of nonzero elements of V . Put 
q = Ylk Ik- It is easy to check that q £ V. We claim that q is the maximum of V . So assume that 
e G V ■ We have to prove that e < q. If this is not the case, T := (p — q)e(p — q) is nonzero. Since 
at —> id uniformly on (-B)ie, the same is true on 

(B) l T={p-q) (B)ie(p-g). 

Since T is nonzero we can find a bounded operator S G B'HpMp such that TS is a nonzero spectral 
projection / of T. It follows that at — > id uniformly on {B)\f = {B)\T S. This contradicts the 
maximality of the sequence (qk)- 

We finally prove that q G Z(Q). Let u G M p Mp{B). Since — >■ id uniformly on (B)iq, the same 
is true on u (B)\q u*, which equals (B)i uqu*. Hence uqu* < q which means that uqu* = q for all 
u G M p mp(B). So, q G Q'HpMp = Z(Q). □ 

Assume that B C pMp is a von Neumann subalgebra and let q G B' D pMp be as in the previous 
lemma, the largest projection such that — >■ id uniformly on {B)\q. In good cases, it follows 
that on (B)i(p — q) the convergence is the furthest possible from being uniform, in the sense 
that we can find a sequence of unitaries (w n ) in U(B) such that for every t > we have that 
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\\EM{ott{w n {p — <?))) || 2 -^0 as n — > oo. These good cases correspond to n being mixing relative to 
a family S of subgroups of T such that the 1-cocycle b is bounded on every £ G S, see Proposition 
EH below. 

To establish uniform convergence of at on Bq, it often suffices to prove uniform convergence on rQr 
where r < q is a smaller projection and Q is a group of unitaries generating B. The precise result 
goes as follows. 

Proposition 3.4. Let p £ M be a projection and B C pMp a von Neumann subalgebra generated 
by a group of unitaries Q C U(B). Let r G pMp be any projection and assume that at —> id in 
|| • \\2-n0rm uniformly on the set rQr. 

Define Q as the normalizer of B inside pMp and denote by q the smallest projection in Z(Q) 
satisfying r < q. Then, at — > id in \\ ■ \\2-n0rm uniformly on the unit ball of Bq. 

Proof. For x £ M we write 5t(x) = at(x) — EM{oit{x)). By Lemma 13.11 we have that 5t — > in 
|| • ||2-norm uniformly on rQr. Define T := EB'npMp( r )- We claim that St — )■ in || • ||2-norm 
uniformly on TQT. To prove this claim, choose e > 0. Note that T coincides with the unique 
element of minimal || • ||2-norm in the || • | ^-closed convex hull of {uru* \ u 6 Q}. So we can take 
ui, . . . , u n 6 Q and Ai, . . . , X n £ [0, 1] such that Yli A* = 1 and such that 

n 

T := ^2 XiUiru* 
i=i 

satisfies ||T - T || 2 < e. Note that ||T || < 1. 

Choose t > small enough such that || <5f (rzir) || 2 < s for all u G Q and such that ||af (ui) — Ui\\2 < £ 
for all i = l,...,n. The latter implies that \\5t(uiXUj) — Ui5t(x)uj W2 < 4e for all x G (M)\. 
Whenever u G Q, we have u*uuj G Q and hence 

\\5t(uiru* u Ujru*)\\2 < \\u{ 5t(r u*uuj r) u*\\2 + 4e < 5e . 

Taking convex combinations it follows that ||^(7bnTo)||2 < 5e for all u G Q. Since ||T — Tq\\2 < £ 
and both ||T||, ||To|| < 1, it follows that ||(5i(TuT)||2 < 7e for all u G Q, hence proving the claim. 

Since T commutes with the elements in Q and since for all u G Q we have \\St(uT 2 ) — <5f(u)T 2 ||2 < 
2 1| at (T 2 ) — T 2 1 1 2 , it follows that ||^(ii)T 2 ||2 — > uniformly in u G Q. For every 5 > define 
the spectral projection qs = X(5,+oo)(T 2 ) and take bounded operators T$ G B' n pMp such that 
T 2 Ts = qs- It follows that for every 8 > 0, we have that ||<5t(u)g ( j||2 — > uniformly in u G Q. Denote 
by qo the support projection of T. When 5 — > we have \\qo — qs\\2 — > 0. Hence, ||<5f(tt)go||2 - > 
uniformly in u G Q. So, at — > id in || • ||2-norm uniformly on ^go- 
Note that r < qo and that actually qo precisely is the smallest projection in B' n pMp satisfying 
r < 9o- By Lemma 13.31 it remains to prove that at — > id in || • ||2-norm uniformly on the unit ball 
of Bqo- Choose e > 0. Take t > such that \\uqo — at{uqo)\\2 < £ for all u £ Q. In particular 
Wqo — H2 < £• Define v G M as the element of smallest || • ||2-norm in the || • (^-closed convex 

hull of {uqoat(qou*) \ u G Q}. Note that bv = vatib) for all b G Bqo and that \\v — Q0II2 < £• 
Whenever 6 G (B)±qo we have 

1 1 a* (6) - va t (b)\\ 2 = \\(a t (qo) - v)a t (b)\\ 2 < \\a t {qo) - v\\ 2 < \\a t (qo) - qoh + \\qo ~ v\\ 2 < 2e . 

We also have for all b G (B)iqo that \\bv — 6|| 2 < \\b(v — qo)\\2 < £■ Since bv = vat(b) we conclude 
that 1 1 at (b) — b\\2 < 3e for all b G (B)iqo- This ends the proof of the proposition. □ 
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3.4 Cocycles into representations that are weakly contained in the regular rep- 
resentation 

Lemma 3.5. Assume that ir : T — > O(H^) is weakly contained in the regular representation and 
that N is amenable. Then the bimodule m~L 2 (M Q M)m is weakly contained in the coarse M-M- 
bimodule. 



Proof. Whenever rj : T —> U(JC) is a unitary representation, we define the M-M-bimodule on 
the Hilbert space L 2 (M) <8> K. with bimodule structure 

(au g ) ■ (x <g) £) ■ (buh) = au g xbuh ® r](g)£ for all a,b £ N, g, h £ T, x £ M, £ E K . 

If rj is the regular representation, one checks that T-V 1 is unitarily equivalent with L 2 (M) 0jv L 2 (M). 
Because iV is amenable we conclude that Ti 11 is weakly contained in the coarse bimodule whenever 
rj is weakly contained in the regular representation. 

One checks that m\?(M M)m is unitarily equivalent to the direct sum of T-L v where r/ runs through 
all the symmetric tensor powers of the complexified tt. Since all these symmetric tensor powers are 
weakly contained in the regular representation, the lemma follows. □ 

Following Ozawa |Oz03| , a Hi factor M is called solid if A' n M is amenable for every diffuse von 
Neumann subalgebra A C M. Ozawa proved in |Oz03| that all group von Neumann algebras of ice 
hyperbolic groups are solid. In particular the free group factors LF n , n > 2, are solid. Although 
this is not needed in the rest of this paper, we reprove Peterson's |Pe061 Theorem 1.3] on the solidity 



of the group factors Lr when T is an ice group that admits a propei^ 1-cocycle into a multiple 
of the regular representation. Prior to this Popa had given in |Po06b| a new proof for the solidity 
of the free group factors LF n using the malleable deformation coming from the word length. Our 
proof is very close to Popa's, replacing the word length by a proper 1-cocycle. 

It is shown in [CSV07| that for every finite group H and n > 2, the wreath product T = H l¥ n : = 
i?( F ") x F n admits a so-called proper wall structure with the stabilizer of every wall being amenable. 
Hence T admits a proper 1-cocycle into an orthogonal representation that is weakly contained in 
the regular representation. In particular Lr is solid by Theorem 13.61 below. A more general result is 
proven by Ozawa in [Oz04, Corollary 4.5] implying that all wreath products HlT with H amenable 
and r hyperbolic, have a solid group von Neumann algebra. 

Theorem 3.6 ([Pe06, Theorem 1.3]). Let T be an ice group that admits a proper 1-cocycle into 
an orthogonal representation tt that is weakly contained in the regular representation. Then LT is 
solid. 



Proof. Let A C M be a diffuse von Neumann subalgebra and assume by contradiction that A' DM 
is nonamenable. So we can take a nonzero projection p £ Z(A' n M) such that P := (A' n M)p has 
no amenable direct summand. 

Let b : V — > be a proper 1-cocycle into the orthogonal representation tt : V — > O(H^) that 
is weakly contained in the regular representation. Consider the one-parameter group of automor- 
phisms (at) of M = D xi r as above. By Lemma 13.51 the bimodule ^L 2 (M0M)a,/ is weakly 
contained in the coarse M-M-bimodule. By assumption P has no amenable direct summand and 
we just observed that pL 2 (pMp pMp)p is weakly contained in the coarse P-P-bimodule. As we 

^'Recall that a 1-cocycle b : T — ¥ Hr is called proper if ||fe(g)|| — > oo whenever g — > oo. 
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explain for the sake of completeness in Remark 13.71 below, it follows that for every e > 0, there 
exists a finite subset T C (P)i and a 5 > such that 

if x G p(M © M)p satisfies ||x|| < 2 and \\[x, y]\\2 < 5 for all y G P then ||x||2 < £ • (3.1) 

We prove that at — )• id uniformly on the unit ball of Ap. Choose e > 0. Take a finite subset 
P C (P)i and a 5 > such that (|3.ip holds. Put 5q = min{<5/12, e}. Take t > small enough such 
that ||ctt(p) — p\\2 < <5o and ||at(y) — y\\2 < #0 for all y € J 7 . We claim that ||a t (ap) — aj>|| 2 < 5\/2e 
for all a 6 (-A)i- Once this claim is proven, we have shown that at — > id uniformly on the unit ball 
of Ap. 

To prove the claim, fix a G (A)i. As before write 5t(d) = at(d) — EM(ctt(d)) for all d G M. 
Define x = p5t(a)p. Since ||at(p) — PII2 < <5o> it follows that ||paj(a)p — at(ap)||2 < 25o and hence 
|| x — 5t(ap) || 2 < 45o- Since at(ap) and at(y) commute for all y G J 7 , it follows that || [at (ap),y]\\ 2 < 
2<5o and hence || [5t(ap), y] W2 < 4<$o for all y G P. So, ||[x,y]||2 < 125o < 5 for all y £ J 7 . Since 
||x|| < 2 we conclude from (|3.ip that \\x\\2 < £• Hence, ||5t(ap)||2 < e + 4^o < 5e. By Lemma [XT] 
we get that ||at(ap) — ap\\2 

So at —> id uniformly on the unit ball of Ap. Using the facts that Ap is diffuse and that the 
1-cocycle b is proper, we finally derive a contradiction. Since at — > id uniformly on U(Ap), we can 
fix t > such that \\EM{ott{wp))\\2 > ||p||2/2 for all w G U(A). Since A is diffuse, we can take a 
sequence of unitaries w n G U{A) tending to zero weakly. We prove that \\Em {ott{wnP))\\2 — > as 
n — > 00. Let w n p = Ylig&r K} u g be the Fourier expansion of w n p, with A™ G C. Since w n p — > 
weakly, for every fixed g G T we have A™ — )• as n — > 00. Fix e > 0. Take a finite subset Jc T 
such that exp(-2i 2 ||&( 5 )|| 2 ) < e for all g G T - J 7 . Take n G N such that Y, g eT l A sl 2 < e for a11 
n > uq. So for all n > uq we have 

||PmKKp))|| 2 = J>xp(-2i 2 ||%)|| 2 )|A£| 2 < £ |A™| 2 + £ £ |A£| 2 < e + e|Kp||i < 2 £ . 

Hence we have shown that \\Em {oit{w n p))\\2 — > as n — > 00 which is a contradiction with the fact 
that \\E M (a t (wp))\\ 2 > ||p|| 2 /2 for all w G □ 

Remark 3.7. The following is a detailed explanation for (|3.ip . Let (P, r) be a tracial von Neumann 
algebra and pHp a P-P-bimodule. Assume that £ n G % is a sequence of vectors and K,e > are 
positive numbers such that 

||£ri|| > e for all n G N , (x£, n ,£, n ) < kt(x) for all 2; G P + and 
lim ||x£ n — £ n x|| =0 for all x G P . 

n 

We claim that there is a nonzero central projection z G Z{P) such that weakly contains 
the trivial bimodule p z L 2 {Pz)p z . By our assumptions we find T n G P + such that ||T n || < k and 
(x£ n ,£ n ) = r(xT n ) for all x G P. After a passage to a subsequence we may assume that T n — )• T 
weakly. Since ||£ n || > e for all n G N we have t(T) > e 2 . So T / 0. Because lim n ||x^ n — ^ n x|| = 
for all x G P, it follows that T G Z(P). Since T is positive, take a nonzero central projection 
z G Z(P) and an element S 1 G J?(P) + such that S 2 T = z. Write rj n = S£ n . It follows that 

(xrj n y , ar] n b) — > r(xyb*a*) = (xy,ab) for all x,y,a,b G Pz . 

This proves our claim. 
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3.5 Cocycles into representations that are mixing relative to a family of sub- 
groups 

Assume that tt is mixing relative to a family S of subgroups of T. As before we say that a subset 
J- C r is small relative to S if T can be written as a finite union of gYih, g,h G T, S G S. Denote 
by Pjr the orthogonal projection of L 2 (M) onto the closed linear span of {au g \ a G N, g G J 7 }. 

We prove the following technical lemma. It will be useful in Section 2J but also when proving 
Proposition 13,91 and Theorem 13. 101 below. The final statement of Lemma [3,81 'controls' the normal- 
izer of certain von Neumann subalgebras B C pMp. The usage of mixing techniques to control 
normalizers goes back to Popa's [Po03, Section 3], 

Lemma 3.8. Assume that tt is mixing relative to a family S of subgroups ofT. Use the notation 
Pjr as explained before the lemma. 

Let K C D Q CI be a finite dimensional vector subspace. Denote by Qk the orthogonal projection 
o/L 2 (M) onto the closed linear span of (dig) a)u g , d£K,a£N,g£T. Note that Qk is right 
M -modular. 

For every finite dimensional subspace K C D Q CI, every x G (M)i and every e > 0, there exists 
a subset J- Cf that is small relative to S such that 

\\Qk{vx)\\ 2 < \\PAv)h + z lor all v G (M)i . 

In particular, if p G M is a projection and B C pMp is a von Neumann subalgebra satisfying 
B N xi £ for all £ G S, then the normalizer of B inside pMp is contained in pMp. 

Proof. Fix the finite dimensional subspace K C D Q CI, the element x G (M)i and e > 0. By the 
Kaplansky density theorem we can take d\ , . . . , d n G D and zi, . . . ,z n G M such that the element 

n 

x := y^jdi ® 
i=l 

satisfies ||xo|| < 1 and \\x — rrolk < e/2. Put k = max{||zi||, . . . , H-Znll}- Note that (cr 9 ) ge r viewed 
as a unitary representation of T on L 2 (D CI), is mixing relative to S. So we can take a subset 
JcT that is small relative to S such that 

\\Q K {cy g {di))h < ^ for all g G T - T . 

We claim that J- satisfies the conclusion of the lemma. So, take v G {M)\- We have to prove that 
\\QK{vx)\\ 2 <\\P r {v)\\ 2 +e. 

Since ||ra— UX0II2 < e/2, also \\Qk(vx)— Qk(vxq)\\2 < e/2 and it suffices to prove that ||Qa:(^o)||2 < 
ll-Pj"^)!^ + e/2. Let v = X^^er v g u g^ w ith v g G A'', be the Fourier expansion of v. A direct compu- 
tation yields that 

n 

Qk(vX ) = ^ /XQK{o~g{dj)) ® Vg)u g Zi . 

i=i g er 
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For every i = 1, . . . , n, we have 



{QK{<Jg{di))®V g )u g Zi ^ < || {QK{Vg{di))®Vg)u 



2 

ll^i 

2 



= NI 2 E II^KW)lli Kill 



Hence, 



On the other hand, 



\ y~] y~] {QK(Pg{<k)) ®Vg)u g Zi 



e 

< - 

2 ~ 2 



E y^(Q^(°"g(^)) ® v g) u g z i = Qk(Pf(v)x ) 
i=l geJ 7 

and \\Qk{Pf{v)xq)\\2 < \\Pf(v)xq\\ 2 < \\Pj?(v)\\ 2 . Altogether we have shown that ||Qk(^o)||2 < 
\\PAv)h + e/2. 

Finally assume that B C pMp is a von Neumann subalgebra satisfying B/JVxS for all £ G S. 
Lemma [23] provides a net (vi) of unitaries in such that ||-pF(fi)||2 — > for every subset JcT 
that is small relative to S. Let x G Af p ^ p (B). We have to prove that x G M. Let K C D CI be 
an arbitrary finite dimensional subspace. It suffices to prove that Qk(x) = 0. Let e > 0. Take a 
subset JcT that is small relative to S and such that 

\\Qk(vx)\\ 2 < \\Pjr(v)\\ 2 + e 

for all v G {M)\. Taking v = vi and using that Qa" is right M-modular, it follows that 

\\Qk(x)\\ 2 = \\Qk{x) x*v lX \\ 2 = ||QkKx)|| 2 < ||PfK)|| 2 + e -> e . 

Hence ||Q_r-(x)||2 < e for every e > 0. So Qk{x) = 0. □ 

Proposition 3.9. Assume that ir is mixing relative to a family S of subgroups of T and that b is 
bounded on every £ G S. Let p G M be a projection and B C pMp a von Neumann subalgebra 
generated by a group of unitaries Q C IA{B). Denote by Q the normalizer of B inside pMp. 

Let q G Z{Q) be the maximal projection given by Lemma \3.3\ such that at — > id in \\ ■ \\ 2 -norm 
uniformly on the unit ball of Bq. There exists a sequence of unitaries (w n ) in Q such that for every 
t > we have that \\EM{ott{w n {p — <z)))||2 — as n — > oo. 

Proof. By Proposition 12 . 61 let go £ Z{Q) be the maximal projection such that (i?go)i C a p pr ox N x S. 
Since b is bounded on every subgroup £ G S and hence on every subset JcT that is small relative 
to S, one checks easily that at —> id in || • ||2-norm uniformly on the unit ball of Bq$. So in order to 
prove the proposition we may replace p by p — qo and B by B(p — qo) and assume that B/JV^S 
for all £ G S. 

Assume that there is no sequence of unitaries (w n ) in Q such that \\EM(ott(w n (p — q)))\\ 2 — > for 
every t > 0. So, we find s,5 > such that \\E M (a s (b(p - q)))\\ 2 > 5 for all b G Q. Put t = V2s. 
This means that 

r(b*(p - q)a t ((p - q)b)) = \\E M (a s (b(p - q)))\\ 2 2 > 8 2 for all b G Q . 
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Hence the element w £ M oi minimal || • ||2-norm in the weakly closed convex hull of 

{b*(p-q)a t ((p-q)b)\beg} 

is nonzero and satisfies bw = wat(b) for all b G B and w* = at{(3{w)). Here (3 denotes the 
automorphism of M satisfying f3{x) = x for all x G M and /3(cj(£)) = oo{C}* for all ^ G Hr. Recall 
that (3 o at = a-t o {3. Also, by construction qw = 0. We shall prove that the support projection r 
of ww* satisfies r < q, hence reaching a contradiction. So we have to prove that r G B' DpMp and 
that — > id uniformly on (-B)ir. 

Let v be the polar part of w. It follows that vv* = r and bv = vat(b) for all b G -B. It also follows 
that u*f is the support projection of u^w. Since w* = at((3(w)), we have w*w = at{f3{ww*)) and 
conclude that v*v = at(/3(r)). By Lemma ETHl and because B -ft iV x £ for all £ G 5, we get that 
B' DpMp = B' CipMp. So, r 6 B' DpMp. Since = x for all x G M, we have in particular that 
(3(r) = r. We have seen above that v*v = at(/3(r)) and hence v*v = a*(r). 

Choose 1 > e > 0. By Lemma 13.21 take t' > such that 

\\E M (va t (a)v*)\\ 2 < ||£ M (a t ,(a))|| 2 + £ for all a G (M)j . 

Applying this to a = br for 6 G (B)i it follows that ||6r||2 — ||-Eju(«t'(fr r )ll2 < e for all b G (-B)i- So 
we have shown that \\br W2 — \\EM(ott(br))\\2 — > uniformly in b G (-B)i- This precisely means that 
at — > id in || • ||2-norm uniformly on {B)\r. □ 

3.6 From uniform convergence on B to uniform convergence on the normalizer 

In |Pe06l Theorem 4.5] and [CP10] Theorem 2.5] Peterson and Chifan-Peterson prove that if B C 
pMp is a von Neumann subalgebra such that at —> id uniformly on the unit ball of B and such 
that for all £ G S we have B -fi N x S, then at — > id uniformly on the unit ball of the normalizer 
of B. They prove this theorem using the technology of unbounded derivations. We repeat their 
proof, but using the malleable dilation technology from paragraph 13.11 which makes things slightly 
easier. 

Theorem 3.10 ([PeOGj Theorem 4.5] and |CP10l Theorem 2.5]). Assume that ir is mixing relative 
to a family S of subgroups of T. Let p G M be a projection and B C pMp a von Neumann 
subalgebra. Let r G B' n pMp be a projection and make the following assumptions. 

• If t — > then at — > id in || • || 2 -norm uniformly on (Br)\. 

• For every £ G S we have Br -/< N x E. 

Denote by Q the normalizer of B inside pMp. Define q as the smallest projection in Z{Q) satisfying 
r < q. Then at —> id in \\ ■ \\2-n0rm uniformly on {Qq)\. 

Proof. From Lemma 12.41 and Proposition 12.61 it follows that Bq /JVxS for all £ G S and that we 
can take a net of unitaries (v^i^j in U(B) such that lirrij ||P7r(^q)||2 = for every subset JcT 
that is small relative to S. By Lemma 13.31 we have at — > id in || • ||2-norm uniformly on the unit 
ball of Bq. 

For every x G M, put <5j(x) = at(x) — EM(at(x)). By Lemma [37T1 and Proposition 13.41 it suffices 
to prove that St — > in || • ||2-norm uniformly on J\fg(B)q. Choose e > 0. Put 5 = e 2 /(4r(g)). 
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Take t > such that ||at(6g) — bq\\2 < S\\q\\ 2 for ah b G U{B). We show that ||<5 t (itg)[|2 < e for all 
u G A/q(P), hence proving the claim. To prove this statement, fix u G Nq{B). Using the notation 
in Lemma E2] take a finite dimensional subspace K C DQ CI such that ||(1 — QK)^t{uq)\\ 2 < ^Iklb- 
By Lemma 13.81 take a subset Jc T that is small relative to S and such that ||Q_K-(uat(u))||2 < 
\\Pf(v)\\2 + S\\qh for all v in the unit ball of M. 

Write di := u*v*u and note that d{ G U{B). By construction uq = Viqudiq for all i G I. By our 
choice of t we have \\at(viq) — Viq\\2 < <5|M|2 and || at (e^g) — djg||2 < 5||g|| 2 for all i £ I. Using the 
fact that Qk is right M-modular, it follows that for all i G I, 

\\ s t(uq)\\ 2 = {a t (uq),5 t (uq)) = {a t (viq u diq) , 6 t (uq)) 

< \(viqa t (u) <kq,6 t (uq))\ + 25r(q) < \{viq a t {u) diq,Q K (S t (uq))}\ + 3<5r(g) 

= \ {Ql<(viq a t (u) diq),5 t (uq))\ + 35r(q) < \\Q K {viq a t {u)) diq\\ 2 ||g|| 2 + 35r(g) 

< \\Q K (v iq a t (u))\\ 2 \\q\\ 2 +3ST(q) < ||Pf(^)|| 2 hh + ^r(q) . 

Taking the limit over i G / it follows that H^t^gOHl < 45r(g) = e 2 . We have shown that 6t — > in 
|| • ||2-norm uniformly on Nn(B)q. □ 



4 Deformations must be uniform when they are uniform on enough 
normalizing unitaries 

Let T r\ (N, r) be a trace preserving action and put M = N x T. Assume that ir : T — > O(H^) is an 
orthogonal representation that is mixing relative to a family S of subgroups of T. Let b : T — > 
be a 1-cocycle w.r.t. ir and assume that b is bounded on every E G S. As above we call a subset 
T C r small relative to S if can be written as a finite union of subsets of the form gTlh, g, h G T, 
E £ 5. Whenever J C T we denote by Pj- the orthogonal projection of L 2 (M) onto the closed 
linear span of {au g \ a G N, g G T}. 

Consider the algebra M D M together with the 1-parameter group of automorphisms (at) of M 
as in paragraph 13.11 We say that aj — > id in || • ||2-norm uniformly on the tail of a net (vi)i^j if 
for every e > 0, there exists a to > and iq G / such that ||vj — at(ui)|| 2 < £ for all i > iq and all 
\t\ < to. 

In this section we prove the following result: if B C pMp is an abelian von Neumann subalgebra 
that is normalized by 'enough' unitaries (vi) such that at — > id uniformly on the tail of (vi), then 
at —> id uniformly on the unit ball of P. In the special where S consists of normal subgroups of T 
and using the technology of unbounded derivations and ultrapowers, this theorem was first proven 
by Chifan-Peterson in |CP10t Theorem 3.2] and several of the ideas go back to Peterson's proof of 
[PeM Theorem 4.1]. 

Theorem 4.1. Let p G M be a projection and B C pMp an abelian von Neumann subalgebra that 
is normalized by a net of unitaries (yiji^j in U(pMp). Let r G pMp be any projection and make 
the following assumptions. 

• If t —> then at — > id in \\ ■ \\ 2 -norm uniformly on the tail of (vi)i^i. 

• For every subset JcT that is small relative to S, we have linij HP^^ir)]^ = 0. 

Denote by Q the normalizer of B inside pMp and define q as the smallest projection in Z{Q) that 
satisfies r < q. Then — > id in \\ ■ \\ 2 -norm uniformly on {Bq)\. 
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To prove this theorem we need two technical lemmas. 

Lemma 4.2. Assume that (ui)ie/ and (wi)i£i are bounded nets in M such that \\Pj^(vi)\\ 2 —> and 
\\Pjr(wi)\\2 —> for all subsets JcT that are small relative to S. Then, 

\\EM{xViyWiz)\\ 2 -)■ for all y e M Q M,x,z £ M . 

Proof. We can approximate x,y,z by linear combinations of (w(£) ® l)a, £ G Hr, a £ M. If the 
nets Vi,Wi satisfy the hypotheses of the lemma, the same is true, using Lemma 12.31 for the nets 
avib and aw{b, given fixed elements a,b G M. As a result it suffices to prove the lemma when 

z = w(fi)®l , y = (w(6)-exp(-||C 2 || 2 )l)0l , « = ® 1 

and ^1,^2)^3 ^ ^K- In that case a direct computation yields 

E M {xviywiz) = exp(-||£i|| 2 - ||£ 2 || 2 - H&H 2 ) <P3l(<P2l(vi)tp 32 (wi) - ViWi) 

where for all a, j3 G {1, 2, 3} we define the completely bounded maps ip a/ 3 : M — )• M given by 

93 a/3 (au s ) = exp(-2(vr(5f)^ Q ,^ ( g))an s for all a £ N, g £ T . 

One checks that ip a p( x ) = ex P(ll£a|| 2 + ll^lP^M^Ca)^^)) for all x G M, implying that the 
V9 Q/ 3 are indeed well defined completely bounded maps. 

By our assumptions on V{ and Wi, we have for all a,@ £ {1,2,3} that \\ip a p(vi) — Vi\\2 — > 0. Since 
{ip a p(vi))i an d (<fai3(wi))i are moreover bounded nets, it follows that 

\\<P2l(Vi)(p3 2 (Wi) - ViWi\\ 2 ->■ . 

But then also 11^^(^2/^1^)112 — ^ 0. □ 

In order to prove I4T21 we only used that tt is mixing relative to the family S of subgroups of T. We 
now also use that the 1-cocycle b is bounded on every £ G 5. 

Lemma 4.3. Let t>j and Wi be bounded nets in M such that \\P^(vi)\\ 2 — > and \\Pj^(wi)\\ 2 — > 
for all subsets T C T that are small relative to S. 

Let x G M © M ? t > and JcT a subset that is small relative to S. Then, 

{viXWi, a t (Pjr(£))) -> uniformly in £ G L 2 (M), ||£|| 2 < 1 . 

Proof. Fix x G M©M, i > and a subset JcT that is small relative to S. Write J- = UfcLi 9k^khk 
with Efc G 5. We claim that there exist unitary elements Vfc, Wjj. G M such that 

m 

\(vxw,a t (P T (0))\ <Y^W E M(VkVxwW k )\\ 2 

k=l 

for all v,w G M and all £ G L 2 (M) with [|£|| 2 < 1. Once this claim is proven, the lemma follows 
from Lemma 14.21 

Since the 1-cocycle b is bounded on we can take % G Hk such that tb(g) = ^(5)% — % for 
all 5 G Efc. Note that a^(x) = w(r/A;)*xa;(r/fc) for all x G L 2 (iV x £&). Put = ui(r]k)oit{u* k ) and 
Wfc =w(r/ fc )*Q!i« fc ). 
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Take £ G L 2 (M), ||f|| 2 < 1 arbitrarily. Let J" fe C T, k be such that 1J™ =1 g k Y> k h k = \Jk=i 9k?khk- 
Define = Pj^ k {u* k ^u* hk ) . Note that G L 2 (iV x that ||£fc|| 2 < 1 and that we have an 
orthogonal decomposition 

n 
k=l 

For all k = 1, . . . , m, we have 

\(vxw,a t (u gk £ k u hk )) = \{E M (V k vxwW k ),Ck}\ < \\EM{V k vxwW k )\\ 2 . 
Summing over k yields the claim and hence proves the lemma. □ 

Proof of Theorem 14.11 

Denote by Q the normalizer of B inside pMp. Denote by q\ G Z{Q) the maximal projection given 
by Lemma 13.31 such that at — > id in || • ||2-norm uniformly on the unit ball of Bq\. If r < qi, then 
also q < q\ and we are done. So assume that r ^ q±. 

Put T := (p — qi)r(p — qi) and note that T is nonzero. Let ro be a nonzero spectral projection of 
T of the form vq = TS for some S G M. Since u,ro = (p — qi) Vir {p — qi)S, it follows from Lemma 
12.31 that \\Pj^(viro) || 2 — > for every subset JcT that is small relative to S. Replace p by p — gi, Vi 
by Vi(p — qi), r by ro and 1? by B{p — q\). We are now in a situation where B C pMp is an abelian 
von Neumann subalgebra normalized by a net of unitaries (ui)iej in U(pMp) and where r G pMp 
is a nonzero projection such that the following properties hold. 

• If £ — >■ then at —> id in || • || 2 -norm uniformly on the tail of (vj)ig/. 

• For every subset J- C T that is small relative to S, we have hrm, \\Pj?(vir) || 2 = 0. 

• By Proposition 13.91 there exists a sequence of unitaries w n G U(B) such that for every t > 
we have that ||£?jvf(o!t(t(; n ))|| 2 — > as n — > oo. 

We shall derive a contradiction from this list of three properties. We separately consider two cases. 

Case 1. For every e > and every b G U{B) there exists a subset JcT that is small relative to 
S such that 

lim.inf ||(l-P F )(t; i 6u?)||2<e. 
i 

Case 2. There exists a S > and a unitary 5 G U{B) such that for every subset JcT that is 
small relative to 5, we have 

limsup \\P T {vibut)h < (1 - <S)[|p||2 • (4.1) 

i 

First assume that we are in case 1. Denote St(b) = at(b) — £ , jy(o!t(6)). We claim that St — > in 
|| • || 2 -norm uniformly on rU(B)r. To prove this statement, choose e > 0. Put 6 = e 2 /(9r(p)) and 
take t > small enough and iq G I such that 

||? — at(r)[| 2 < 5||p[| 2 and \\vi - a t (vi)\\ 2 < S\\p\\ 2 for all % > i . 
We show that ||5j(r6r)|| 2 < e for all b G U(B), hence proving the claim above. 



21 



Note that our choice of t implies that for all b G U{B) 

\\rott{b)r — at(rbr)\\2 < 25\\p\\2 so that \\r5t(b)r — 5t(rbr)\\2 < 45||p||2 and 
\\via t (b)v* - a t (vibv*)\\ 2 < 2£||p|| 2 for all i > I . 

Fix b G U(B). Take a subset JcT that is small relative to S and such that 

limmf||(l-P^)KK)|| 2 <%|| 2 . 

It follows that for all i > iq, 

\\5t(rbr)\\2 = (5t(rbr),at(rbr)) < \(rSt(b)r,rat{b)r)\ + 65r(p) 

= |(rft(6)r,at(6))| + 66r(p) = \( Vi r6 t (b)rv* ,v iat (b)v*)\ + 66r(p) 

< \(vir6t(b)rvt,at(yM))\+MT(p) 

< \{v ir 5 t (b)rv*,a t (Pr{vM)))\ + \\ph IK 1 " ^)(^K*)I| 2 + 8<5r(p) . 

Taking the liminf and using Lemma 14.31 it follows that H^^&Olli — 9<Jr(p) = e 2 , hence proving 
the claim above. 

Denote by q the smallest projection in Z{Q) that satisfies r < q. We conclude from the claim above 
and from Proposition 13.41 that at — > id uniformly on the unit ball of Bq. This is a contradiction 
with the existence of the sequence w n G ZY(-B) such that ||l?Af ( a t(*%))||2 ~~ ^ for every t > 0. 

Next assume that we are in case 2. Take <5 > and b G U{B) such that (|4.ip holds. Write e = 5/5 
and put bi := Vibv*. Note that a* — )■ id in || • ||2-norm uniformly on the tail of Take t > 

and io G / such that ||6j — at(&i) || 2 < e||p[|2 f° r an * — *0- We claim that ||<5t(d)|| 2 < (1 — e ) r (p) f° r 
all (i G U{B). To prove this claim fix d G U(B). Take a finite-dimensional subspace K G D Q CI 
such that, using the notation of Lemma [3~8], we have ||(1 — QK)8t(d)\\2 < £ IM|2- By Lemma [3781 
take a subset JcT that is small relative to S and such that ||(5x(^a<(^))||2 < ||-Pf(^)|| 2 + s||p||2 
for all 6 in the unit ball of M. 

By our choice of t we know that \\biat(d)b* — at(bidb*)\\2 < 2e||p||2 for all i > zq. Since B is abelian, 
also d = b{db*. Using that Qk is right M-modular it follows that for all i > iq we have 

\\5 t {d)\\l = (at(d),5 t (d)) = (a t (hdb*),S t (d)) < \(b iat (d)b* ,5 t (d))\ + 2er(p) 

< \(b iat (d)b*,QK(St(d)))\+3eT(p) = \(Q K (bia t (d)b*),5 t (d))\ +3er(p) 
= \{Q K (bMd)) b*,5 t (d))\+3eT(p) < \\Q K {ha t (d))\\2 ||p|| 2 + 3er(p) 

< II^MMIb ||p|| 2 + 4er(p). 

Taking the limsup it follows that [|<S t (d)||| < (1 - 5 + 4e)r(p) = (1 - e)r(p), hence proving the 
claim. 

From this claim, it follows that ||-Ejv/(o ! t(rf)) 111 — eT (p) f° r an d G U{B). This is a contradiction 
with the existence of the sequence (w n ) in U{B) such that ||-E ; M(c^('U'n))||2 — > 0. This ends the 
proof of case 2 and also ends the proof of Theorem 14.11 □ 

5 Transfer of rigidity 

We fix a trace preserving action V r\ (N, r) and put M = N x T. Let S be a family of subgroups 
of r. As above we call a subset J- C T small relative to S if J- can be written as a finite union 
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of subsets of the form gT,h, g,h G T, £ G 5. Whenever J C T we denote by Pj- the orthogonal 
projection of L 2 (M) onto the closed linear span of {au g \ a e N,g e J 7 }. 

Let / : T — > R be a conditionally negative type function with /(e) = 0. Define the semigroup 
(Vt)t>o of unital trace preserving completely positive maps 



Proposition 5.1. Let p G M be a projection and assume that pMp = B xi A is any crossed product 
decomposition with corresponding canonical unitaries (w s ) se A. Let A : pMp — > pMp (g) LA be the 
comultiplication given by A{bv s ) = bv s <£> v s for all b G B, s G A. Assume that (wi)i € i is a net of 
unitaries in U (pMp) and that q G (LA)' n pMp is a projection satisfying 

• ift — > then id ® (ft — > id in \\ ■ \\2-n0rm uniformly on the tail of (A(ifj))j g / , 

• for every subset J 7 C T that is small relative to S, we have limj ||(l<8)P7r)(A(u'j)(l(8)g))||2 = 0. 

Then there exists a net of elements (sj)j^j in A such that, writing Vj := v Sj , the following holds. 

• If t — > then ipt — > id in \\ ■ \\2-n0rm uniformly on the tail of (vj)j e j. 

• For every subset JcT that is small relative to S, we have limj ||-fy(v J '(j , )||2 = 0. 

Proof. Normalize the trace on M such that r(p) = 1. As such A is trace preserving. Take a 
decreasing sequence t\ > ti > ■ ■ ■ of strictly positive numbers and an increasing sequence i\ < 12 < 
■ ■ ■ such that 



(ft ■ M — > M : tpt(aug) = exp(—tf(g))au g for all a G N, g G T . 



l-Re(T®T)(A(wiy{id®ipt n )A(wi)) < 4 



for all i > i 



■n 



Define 




4-"- 1 > l-Re(T®T)(A(^)*(id®^JA(^)) 
= ^(1-Rer«^(^))) II^HI 



seA-V, 



We conclude that for all n G N and all i > i 



— n— 1 



seA-V, 



Define W n := Vi D • • • n V n . It follows that for all i > i 
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and hence 




sGA-W, 



'n 



sew, 



'n 
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We claim that for every e > 0, n G N and subset JcT that is small relative to S, there exists an 
s G W n satisfying ||Pjr(v s g)||2 < e. Indeed, if for a given e > 0, n G N and J C T that is small 
relative to S, the claim fails, it would follow that for all i>i n , 

||(id ® Pf)(AK)(i a = E Klli 

seA 

> E Kill > E KH^ 2 >f • 

sgW„ sew„ 

Since limj ||(id P7r)(A(u;j)(l ® q))\\2 = this is absurd and the claim is proven. 

For every e > 0, n G N and J C T small relative to 5, pick an element s £)rLy jr G W n such that 
H-fM^ „ T q) lb < £• We obtain a net (sj)j^j in A that satisfies all the conclusions of the proposition. 
Indeed, first observe that for every fixed s G A the expression r(i)*</?i(?; s )) increases when i > 
decreases. Writing v £;n> j? = v Se n T and using the inequality — u a ||| < 2(1 — Rer(u*^(t) s ))), 

it follows that 

\\<Pt(v £ ,n,T) - We.n^lb ^ 2~™ o/2 whenever < t < t no and n > n , 
IliVo^e,^?)!^ < e whenever J" C T . 

□ 

6 Proof of Theorems 11.21 and 11.3 

We are given a crossed product Hi factor M = N x V. Fix a projection p E M and assume that 
pMp = B x A is another crossed product decomposition with B being diffuse and of type I. Denote 
by (f^OseA the canonical unitaries in B x A. Since M is a factor, the action A rx Z(B) is ergodic 
and hence B = M m (C) ® 2(B) for some integer m. 

Denote by A : pMp — > pMp g) LA the comultiplication given by A(bv s ) = bv s g) v s for all b G B, 
s £ A. 

Since M is a Hi factor and B C pMp is diffuse, we can take partial isometries V\ , . . . , G M 
such that Vi = p, V*Vi G -B for all i = 1, . . . ,k and Yli ViV* = 1- We extend A to a unital 
*-homomorphism M — > M LA by the formula 

k 

A(x) := E {Vi l)A(V*xVj)(V* ® 1) . 

Since Vi = p, the restriction of the new A to pMp equals the original comultiplication. 

The following meta-theorem brings together all that we have done in the previous sections. Our 
main Theorem 11.21 will be a direct consequence. 

Theorem 6.1. Within the setup described before the theorem, let b be an unbounded 1-cocycle into 
the orthogonal representation ir : T — > O(-Hr) that is mixing relative to a family S of subgroups of 
T such that b is bounded on every S G S. Define M and (astern as in paragraph \3.1[ Assume that 
Q C M is a diffuse von Neumann subalgebra and that q G (LA)' DpMp is a nonzero projection such 
that the following two conditions hold. 
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1. id (8 ott — > id in \\ ■ \\2-n0rm uniformly on the unit ball of A(Q). 

2. For every T, e S we have A(Q)(1 (8) q) -fr M ® (iV x E). 

T/ien i/tere exists Eg5 suc/i t/iat -B -< iV x £ and hence (B)\ C ap prox N y\ S. 

Proof. Since Q is diffuse, we may, after a unitary conjugacy of Q, assume that p £ Q. It follows 
that A(pQp)(l (8 q) ^ j)Mp (8) (iV x E) for all S £ 5. Lemma l2~4l provides a net of unitaries (wi) 
in U(pQp) such that ||(1 (8) Pj-)(A(wj)(l ® o))||2 — ^ for every subset JcT that is small relative 
to 5. Since id ® at — > id in || • ||2-norm uniformly on the unit ball of A(Q), certainly id (8 at —> id 
in || • ||2-norm uniformly on the unitaries A(u>j) G U(pMp <g> pMp). By the transfer of rigidity 
proposition 15.11 we find a net of elements (s,) in A such that, writing u,- := t> s ., we have that 
at — > id in || • ||2-norm uniformly on the tail of (vj) and || ^^(-Uj-gr) || 2 — > for every subset JcT 
that is small relative to 5. 

Since Z{B) is an abelian von Neumann subalgebra of pMp that is normalized by the unitaries Vj and 
that is moreover regular in pMp, it follows from Theorem 14 . 1 1 and Lemma f3.3l that at —> id in || • || 2- 
norm uniformly on the unit ball of 2(B), and hence as well on the unit ball of B = M m (C) ®Z(B). 
If for every £ G S we would have that B -fi JVxS, Theorem 13.101 would imply that at — > id 
in || • ||2-norm uniformly on the unit ball of pMp. This would be a contradiction with b being 
unbounded. 

So there exists a £ 6 S such that 1? -< N x S. Since i? C pMp is regular Proposition 12.61 implies 
that (B)i Capprox N x 5. □ 

In order to establish the condition A(Q)(l®q) -fi M® (iV x E) appearing in Theorem 16. 11 we prove 
the following lemma. It is contained in [IPVTUl Lemma 9.2] and [HPVlOj Lemma 4] but we include 
a proof for the convenience of the reader. 

We say that a finite von Neumann algebra P is anti-(T) if there exists a chain of von Neumann 
subalgebras CI = Pq C P\ C • • • C P n = P such that for every i = 1, . . . , n the finite von Neumann 
algebra Pi has property (H) relative to P%—\ in the sense of PoOl , Section 2]. Examples include 
crossed products A x E where A is amenable and E admits a chain of subgroups {e} = So < £1 < 
• • • < E n = E such that for all i G {1, . . . , n} the subgroup E,_i <\ Ej is normal and the quotient 
group Ej/Ej-i has the Haagerup property. 

Lemma 6.2. // the bimodule p MpHpMp is weakly contained in the coarse pMp-pMp-bimodule then 
the bimodule a(a/)(L 2 (M) (8>%)a(m) is weakly contained in the coarse M -M -bimodule. 

Let Q,P C M be von Neumann subalgebras. 

• If Q has no amenable direct summand and P is amenable, then A(Q) -fi M ®P. 

• If Q is diffuse with property (T) and P is anti-(T), then A(Q) ^ M ® P. 

Proof. Put M = B x A = pMp. Denote by a : M® M — > M® M the flip automorphism. We 
first claim that the bimodule 

A(M) ® iL 2 (.A/f (g) M (8) M\i& ® a){A(M) ® 1) 
is weakly contained in the coarse .M-.M-bimodule. To prove this claim, observe that 

A(M) (g> i(L 2 (.M) <8) £ 2 (A) <8> ^ 2 (M.))m®i®m 
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is unitarily isomorphic with the tensor product L 2 (Ai) ®p L 2 (.M ® M) of the bimodules mL 2 (M)b 
and B(g)iL 2 (A / l ® A^)m®m. Since B is amenable this relative tensor product is weakly contained 
in the coarse bimodule. Restricting the right (Ai ® .M)-module action to A(A4), the claim follows. 
We extended A from Ai to M. In the bimodule picture this amounts to tensoring on the left by 
L 2 (Mp) and on the right by L 2 (pM). It follows that 

A(M) <g> iL 2 (M ® M ® A^)(id®(T)(A(M) <g> 1) 

is weakly contained in the coarse M-M-bimodule. From this the first statement of the lemma 
follows immediately. 

Assume that P is amenable and that A(Q) -< M ® P '. We prove that Q has an amenable direct 
summand. Since P is amenable, the coarse P-P-bimodule p ® iL 2 (P ® P)i ® p contains a sequence 
of vectors £ n satisfying the following properties. 

||(a® l)£ n -£ n (l®a)|| 2 ^0 and ((a®l)£ n ,£ n ) — > for all a G P . 

View L 2 (P®P) C L 2 (M®M) and identify L 2 (M®M) with the space of Hilbert Schmidt operators 
on L 2 (M). Since £ n G L 2 (P®P) we have for all a G M that 

<(o®l)£n,£n> = (r®r)((a®l)£ n £) = (r®r)((^p(o)®l)e«^) 
= ((E P (o) ® 1)6*,^) -> r(E P {a)) = t(o) . 

So every £ n gives rise to a Hilbert Schmidt operator on L 2 (M) and hence a trace class operator 
T n := S n S* G 7T(L 2 (M)) + . By construction, T n has the following properties 

||aT n - T n a||i iT r -> for all a G P and Tr(6T n ) -> r(6) for all b G M . 

Since A(Q) -< M ® P, take a nonzero partial isometry v G Mi &(C) ® M ® pM and a, possibly 
non-unital, *-homomorphism 9 : Q ^ M^(C) ® M ® P satisfying A(a)v = v8(a) for all a G Q. 
Denote g := w* and note that g G A(Q)' nM«M. 

The operator R n := u(l® l®T n )w* is a positive element of M®B(pL 2 (M)) satisfying (r®Tr)(P ri ) < 
oo. The square root r/ n := Pn^ 2 can be viewed as a vector in L 2 (M)®pL 2 (M)®L 2 (M)p and satisfies 
by construction the following properties. 

||(A(a) ® l)r] n - ry n (id® cr)(A(a) ® 1)|| 2 -)■ for all aGQ and 
((6® l)r]n,r] n ) -> r(6g) for all 6 G M® X . 

Define z G Z{ff) such that A(z) is the support projection of -£?a(q)(<?)- We have shown that the 
bimodule 

A(Q) $5 lL 2 (M ® M ® -M)(id cr)(A(Q) ® 1) (6.1) 

weakly contains the trivial Qz-bimodule. By the first statement of the lemma the bimodule in (|6.ip 
is weakly contained in the coarse Q-Q-bimodule. It follows that Qz is an amenable direct summand 
of Q. 

Finally assume that P is anti-(T), that Q is diffuse with property (T) and that A(Q) -< M ® P. 
Let CI = Pq C P\ C • • • C P n = P be a chain of von Neumann subalgebras such that for every 
i = l,...,n, Pi has property (H) relative to Pj_i. Repeatedly applying |HPV10l Lemma 1] it 
follows that A(Q) -< M ® Pj for every i and hence A(Q) -< M ® 1. By the previous statement of 
the lemma, Q has an amenable direct summand. This is a contradiction with Q being diffuse with 
property (T). □ 
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Proof of Theorem 11.21 



We finally prove Theorem 11.21 We now also require that N = A is of type I. Since M is a factor 
the action T r\ 2(A) is ergodic and since A is of type I it follows that A = M n (C) <8> 2(A) for some 
integer n. 

The case T £ C. Let H < V be a nonamenable subgroup with the relative property (T). Then, 
Q = LH satisfies the conditions in Theorem 16.11 Condition 1 follows directly from the relative 
property (T) of A(Q) inside M ® pMp. Condition 2 follows from Lemma 16.21 and the observation 
that all the von Neumann algebras A x E, S G S, are amenable. 

The case T £ X>. Let if < T be an infinite subgroup with the plain property (T). Then, Q = LH 
satisfies the conditions in Theorem l6.11 Condition 1 follows directly from the property (T) of A(Q), 
while condition 2 follows from Lemma 16.21 and the observation that all the von Neumann algebras 
A x S, £ G 5, are anti-(T). 

The case T £ £ . Let H < T be a nonamenable subgroup with a nonamenable centralizer if' < T. 
We claim that Q = LH satisfies the conditions of Theorem 16.11 Condition 2 follows from Lemma 
16.21 and the observation that all the von Neumann algebras A x S, S G S, are amenable. We now 
prove condition 1 using a spectral gap argument. 

We are given the orthogonal representation it : T — > O(H^) that is weakly contained in the regular 
representation and the 1-cocycle b : T — > H^. With these data we build the automorphisms 
(at) on M as in paragraph 13.11 Define % := pL 2 (M Q M)p. From Lemma 13.51 it follows that 
pMpHpMp is weakly contained in the coarse pMp-pMp-bimodule. By Lemma 16.21 the bimodule 
A(M)(L 2 (M) eg) H)a(m) is weakly contained in the coarse M-M-bimodule. Therefore the unitary 
representation 

7 : H' U(L 2 (M) H) : 7 (s)£ := A(u s )£A(^) 

is weakly contained in the regular representation. Since H' is nonamenable, 7 does not weakly 
contain the trivial //'-representation. 

Choose e > 0. Take g\, . . . , g n G H' and p > such that every vector £ G L 2 (M) ® % satisfying 
IIC — 7(5A;)£II < 9 for all A; = 1, . . . , n, must be of norm at most e, i.e. satisfies ||£|| < e. Put 
5 = minj/9/12, e}. Take i > small enough such that 

\\ a t(p) — p\U < 8 and ||(id (8) a t )A(u flfc ) - A(u gk )\\ 2 < 5 for all k = 1, . . . , n . 

We claim that ||(id ® aj)A(fe) — A(6)||2 < 5\/2e for all 6 in the unit ball of Q. Once this claim is 
proven, also condition 1 of Theorem 16.11 has been verified and the theorem follows from Theorem 
IO 

Fix b G (Q)i. Write £ = (id ® a t )A(6), £' = (1 <8> p)£(l <8 p) and f = £' - (id <8> E M )(^'). Note 
that £" G L 2 (M) (8) Observe that ||£ — CH2 < 25. Since 6 commutes with u 9fc , we get that 
||e - A( % J£A«)|| 2 < 25 for all ft = l,...,n. Hence, ||£' - A( %fc )£'A(«*J|| 2 < 65 and so 
llf"-7(0fc)£"l|2 < 125 < p. We conclude that ||f"|| 2 < e. Hence, ||£- (id (81 ^m) (Oil 2 < ^ + 45 < 5e. 
This means that ||(id (8) 5 t )A(6)|| 2 < 5e. It follows from Lemma IO that ||A(6) - (id <8> a t )A(6)[| 2 < 
proving the claim above. 

The case T £ C 2 . We have r = Ti x T 2 with Tj G C. So we are given nonamenable subgroups 
Hi < Ti with the relative property (T) and families Si of subgroups of Tj. We can view M as the 
crossed product M = (A x Ti) x r 2 or as the crossed product (A x r 2 ) x Ti. This gives rise to the 
malleable deformations (a\) and (a 2 ) associated with the unbounded cocycles b\ : Tj — > into 
the orthogonal representations ir % : Ti — > O(H^). 
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Denote Q = L(H\ x H 2 ). We prove below the existence of a nonzero projection q G pMp n (LA)' 
such that for all £2 £ <?2, we have 

A(Q)(l®g) ^ P Mp®(A x (ri x £ 2 )) (6.2) 

Since A(Q) C M®pMp has the relative property (T), (j6.2|) and Theorem 16.11 imply that B C apP rox 
(^4 x Ti) x S 2 . By symmetry also B C a p pr0 x (A x r 2 ) x Si. By Lemma 12.71 it follows that there 
exist Sj G 5j such that I3-<Ax(Xix£ 2 ), ending the proof of the case r G C 2 - It remains to settle 

Denote by Ball TV the unit ball of a von Neumann algebra N. Let pi G A(L(iIi x H2))' n M~®pMp 
be as in Proposition 12.61 the maximal projection such that 

BaJl(A(L(fTi x H 2 ))px) C approx M®(A x {Y x x S 2 )) . 

Define fi as the smallest projection in A(L(rj))' n M ®pMp that satisfies p\ < Define p 2 as the 
smallest projection in A(Lr)' DM ®pMp that satisfies p\ < p 2 . Note that fi < p 2 for both i = 1,2. 

Since Ball(A(L(i72))pi) C approx M®(^4x (ri x«S2)) and since #2 is nonamenable, Lemmas 12. 71 and 
IO imply that A(L(H 2 ))pi 7^ M® (A x (<S X x T 2 )). Since iT 2 < T 2 has the relative property (T), we 
know that id® a\ — > id in || • ||2-norm uniformly on the unit ball of A(L(iJ 2 ))pi- Both statements, 
together with Theorem 13.101 and the observation that L(ri) commutes with ~L(H 2 ), imply that 
id® a* — > id in || • ||2-norm uniformly on the unit ball of A(L(ri))/i. Since the normalizer of L(Ti) 
contains L(r), Lemma 13.31 implies that id (g> aq — > id in || • ||2-norm uniformly on the unit ball of 
A(L(Ti))p 2 . Using H\ instead of H 2 , we also find that id ® a] — > id in || • ||2-norm uniformly on 
the unit ball of A(L(r 2 ))p 2 . The unitaries A(u( 9 / l )) = A(n( g e ))A(u( ej / l )) form a group generating 
A(Lr). It follows from Proposition 13.41 that id (8) oq — > id in || • ||2-norm uniformly on the unit ball 
of A(LI>2. 

Define p% as the smallest projection in A(M)' (~)M ®pMp that satisfies p\ < p%. Note that p 2 < P3- 
We observed above that A(L(# 2 ))pi 7^ M®(A x (5i x T 2 )). The relative property (T) of A(L(# 2 )) 
in M ® pMp implies that id (g) a] — > id in || • ||2-norm uniformly on the unit ball of A(L(H 2 )). By 
Lemma l2~4l take a net of elements gi G H 2 such that Pjr X Y 2 ){A{u gi )pi)\\ 2 — > for every subset 
J- C Ti that is small relative to S\. Since the unitaries A(u gi ) normalize the abelian von Neumann 
algebra A{Z{A)) and since 2(A) C M is regular, it follows from Theorem 14.11 that id (8) a\ — > id 
in || • || 2 -norm uniformly on the unit ball of A(Z(A))p^ and hence also on the unit ball of A(^4)p3. 
The group of unitaries A(au g ), a G U(A), g G T, generates A(M). So, the uniform convergence 
id® a\ — > id on the unit balls of A(LT)p 2 and A(A)pz, together with Proposition 13.41 implies that 
id ® a\ — > id in || • ||2-norm uniformly on the unit ball of A(M)p^. 

Recall how A was extended to M starting from the comultiplication on pMp. Put Si := ViV* and 
Pi := V*Vi G B. By construction A(Si) = Si ® 1 and hence p^ commutes with all the projections 
Si ® 1. Define pi := (V* ® l)pz{Vi ® 1). For all b G U(B) and s, r G A, we have 

Pi{bv s ® v r ) = (V* ® l)p 3 A(Vibv r )(v r -i s ® 1) . (6.3) 

We know that id® a\ — > id in || • ||2-norm uniformly on the unit ball of p^A(M). So, id® a\ — > id in 
|| • ||2-norm uniformly on the elements A(Vibv r ), b G U(B), r G A. Formula (j6.3j) then implies that 
id®a| — > id in || • ||2-norm uniformly on the elements pi(bv s ®v r ), b G U(B), s, r G A. As in Lemma 
13.31 let qi G (LA)' CipMp be the maximal projection such that a] — > id in || • ||2-norm uniformly on 
the unit ball of L(A)</i. Since the unitaries bv s ® v r form a group generating pMp ® LA and since 
id ® a\ — > id in || • ||2-norm uniformly on the elements Pi(bv s ® v r ), it follows from Proposition 13.41 
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that pi < p ® qi for every i = 1, . . . , k. So ps < 1 (8> <7i and in particular pi < 1 <g) ft. If <Zi < p, we 
can put q = p — q% and ()6.2p is proven. 

As a final step, we assume that q\ = p and derive a contradiction. So, a} — > id in || • ||2-norm 
uniformly on the unit ball of L(A). We observed above that A(L(H2))pi -/< M (g> (A x (Si x 1^)). 
Since A(M) C M (g> LA, it is then impossible that 

Ball(M ig> L(A)) C a pp r o X M®(A xi (5j x T 2 )) . 

By Lemma 12.41 and Proposition 12.61 we find a nonzero projection e G (LA)' n pMp and a net of 
elements (sj) in A such that H-fVx^^Sj^lb —> for every subset F <ZT\ that is small relative to 
S\. Since the unitaries v s . normalize the regular abelian von Neumann subalgebra 2(B) C pMp, it 
follows from Theorem 14.11 that a\ — > id in || • ||2-norm uniformly on the unit ball of Z(B). Together 
with the uniform convergence on the unit ball of L(A) and Proposition 13.41 we obtain the uniform 
convergence on the unit ball of pMp. This is absurd because the cocycle b\ is unbounded. 

The case T £ X>2- The proof is identical to the proof of the case T G C 2 , but now using the last 
statement of Lemma 16. 21 □ 

Proof of Theorem 11.31 

Both amalgamated free products and HNN extensions admit a natural action on their Bass-Serre 
tree, yielding 1-cocycles into orthogonal representations. Very concretely, if T = Ti *s T2, define 
the orthogonal representation tt : V — > 0(£^(T /T,)) given by left translation. Clearly tt is mixing 
relative to the subgroup S. One checks that there is a unique 1-cocycle b : V — > H% satisfying 
b(g) = for all g G Ti and b(h) = (5s — Shy, for all h G T2. This 1-cocycle is unbounded and vanishes 
on S. 

When T = HNN(^T, T,,9) is the HNN extension generated by H and t subject to the relations 
tat" 1 = 9(a) for all a G E, define the orthogonal representation tt : F — > 0(£^(T /T,)) given by left 
translation. Again tt is mixing relative to S and there is a unique 1-cocycle b : V — > Uk satisfying 
b(h) = for all h G H and b(t) = Sts- Also this 1-cocycle is unbounded and vanishes on S. 

So all groups T appearing in Theorem 11.31 belong to C U V U £ U C2 U Pa- 
Use the notations as in the formulation of Theorem 11.31 Applying Theorem 11.21 to A := M n (C) (8> 
L°°(A), we conclude that there exists a S G 5 such that L°°(Y) -< A xi S and hence L°°(Y) -< 
L°°(A) xi S. 

Take any projection g G D n (C) g) L°°(A) having the same trace as p. 

• If S = {e}, the unitary conjugacy of L°°(y) and (D n (C)®L°°(A))g follows from [PoOTl Theorem 
A.l]. This settles item 2 of the theorem. 

• When T is a nontrivial amalgamated free product or an HNN extension and if £ is weakly 
malnormal, [HPV1CH Proposition 8] provides a finite group So such that L°°(y) -< L°°(A) xi S . 
Then also L°°(y) -< L°°(A) and the conclusion follows again from |Po01l Theorem A.l]. This 
settles items 3, 4 and 5 of the theorem. 

• If E is relatively malnormal, take a subgroup E < A < T such that A < T has infinite index and 
gT.g -1 n E is finite for all g G F — A. We apply Lemma [6.31 below . Since the normalizer of L°°(Y) 
is the whole of p(A x T)p and since A < T has infinite index, we conclude that ~L°°(Y) -< A and 
hence L°°(Y) ~< L°°(X). We again find the unitary conjugacy of L°°(y) and (D n (C) ® L°°(X))q 
from |PoOH Theorem A.l]. This settles the remaining item 1 of the theorem. 
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So the proof of Theorem 11.31 is complete. □ 

Our last lemma is implicitly contained in |Va071 Lemma 4.2], but we provide an explicit proof for 
the convenience of the reader. 



Lemma 6.3. Let T r\ (A, r) be any trace preserving action of a countable group. Assume that 
S < A < r are subgroups such that <?Eg _1 n E is finite for all g G T — A. Put M = A X T. Let 
p G M be a projection and B C pMp a von Neumann subalgebra. Denote by Q the normalizer of 
B inside pMp. 

P^AxE and B -fi A, then Q ~< A x A. 

Proof. Take a nonzero partial isometry v G Mi „(C) <8> pM and a, possibly non-unital, normal *- 
homomorphism 6 : B — )• M n (C) ® (A x E) satisfying bv = v8(b) for all b G -B. Put g = Write 
AT = M n (C) <g> A. By }Va07[ Remark 3.8] we may assume that 

0{B) N . (6.4) 

Whenever T C T, denote by Pjr the orthogonal projection onto the closed linear span of {au g \ 
a G N, g G J-}. Because of ()6.4p we can take a sequence of unitaries b n G U{B) such that 
ll-Pr(0(&n))||2 -»• for every finite subset JcE. 

We claim that ||-BjvxE(^^(^n)y)||2 — >• whenever x,y G (A r xir)0(A r xi A). Since we can approximate 
x and y by linear combinations of au g , a £ N and g G T — A, it suffices to prove the claim when 
x = u g , y = Uh for some g, h G T — A. But then 

EN^{u g 9{b n )u h ) = u g Px ng -iz h -i(9(b n ))u h . 

The claim follows from the fact that S n gf _1 E/i _1 is finite. 

We prove that C x A, so that in particular, Q ~< A x A. Take d G M p Mp(B). We have 

to prove that £ JV» A, Write x = v*dv — EN^\(v*dv). We have to prove that x = 0. By 
construction, x6(b n )x* = 9{db n d*)xx* . Hence, 

\\E N ^{xx*)\\ 2 = \\e(db n d*)E N ^(xx*)h = \\E N ^(x9(b n )x*)\\ 2 -> 
by the claim in the previous paragraph. So, x = and the lemma is proven. □ 

Proof of Theorem 11.41 

Assume that B C (L°°(X) x T)* is a group measure space Cartan subalgebra. Literally repeating 
the proof of TheoremOlit follows that B -< L°°(X). By [OP071 Lemma 4.11] the action V nv (X, fi) 
is essentially free, contradicting the assumptions of Theorem 11.41 □ 
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